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Abstract. Using methods applied by Atiyah in equivariant i-S'-theory, Bredon 
obtained exact sequences for the relative cohomologies (with rational coeffi- 
cients) of the equivariant skeletons of (sufficiently nice) T-spaces X, T = (S' 1 ) n , 
with free equivariant cohomology H^(X;Q) over ff£(pt;Q) = H*(BT;Q). 
Here we characterise those finite T-CW complexes with connected isotropy 
groups for which an analogous result holds with integral coefficients. 

1. Introduction 

Let T — (S 1 )" be an n-dimensional torus. By a T-space we mean a finite T- 
CW complex, for example a smooth compact T-manifold. H*(—) denotes singular 
cohomology with integral coefficients unless stated otherwise. Let Xi, —1 < i < n, 
be the equivariant i-skeleton of X, i. e., the union of all orbits of dimension < i. In 
particular, X-\ = 0, X = X T and X n — X. 

Recall that the T-equivariant cohomology H T (X) of X is defined as the (sin- 
gular) cohomology of the Borel construction Xt = (ET x X)/T and that H T (X) 
is a module over H*(BT), where ET — > BT denotes the universal T-bundle. We 
also consider Z as an H * (£?T)-module by the augmentation e : H* (BT) — > Z that 
annihilates all elements of positive degrees. 

The inclusion of pairs (Xi,Xi-i) (X, Xi-\) gives rise to a long exact sequence 
in equivariant cohomology 

(1.1) • • • — ► H T (X, Xi) — > Ht(X, Xi-i) —* H T (Xi, Xi-i) — » H T +1 (X, Xi) 
and likewise (Xj+i, (X^i, Xi) gives boundary maps 

(1.2) H^(Xi,Xi-i) — > iJ^, +1 (A" i+ i, Xj). 

Theorem 1.1. Let X be a T-space. Then the following four conditions are equiv- 
alent: 

(i) TTie inclusion of the fibre i: X Xt induces a surjection l* : H T (X) — > 
H*(X). Equivalently, the map H T (X) ®h»(bt) Z — > H*(X) induced by l* 
is an isomorphism. 

(ii) TTie Serre spectral sequence of the fibration X Xt — > £?r degenerates at 
the E2 level, i. e., E2 = i?oo- 

(iii) Torf ' {BT) (H T (X), Z) = /or a// j > 0. 

(iv) Torf* (BT) (i^(X),Z) =0. 

TVie above conditions are implied by the next one. 

(v) The following sequence is exact: 

— » H T (X) — > i?y(Xo) — ► (Xi,Xo) — > • • • — » H T +n (X n , X n -i) — » 0. 

Moreover, if all isotropy groups of X are connected, then this last condition is 
equivalent to the others. 
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The main contribution of this paper is to relate the criteria lpv)l to the exact 
sequence given in jrj- For field coefficients, the equivalence of 01 to (jrvjl is standard. 

It is easy to see that for coefficients in a field k each of the conditions to JjvJ 
above is equivalent to H^(X; k) being a free H*(BT; fc)-module. This does not hold 
for integer coefficients, as Example 15.21 below shows. 

The connectedness assumption on the isotropy groups will be used in Proposi- 
tion and Lemma f3. 41 and cannot be omitted in general. But, as shown in |FPj . 
one can allow one (finite) cyclic factor in each isotropy group if H^,{X) is free 
over H*(BT). In Section l5~^l we present some examples of what can go wrong if 
these conditions are not satisfied. Moreover, one can obtain a partial result if the 
isotropy groups are connected for all x in some Xi and not "too much" disconnected 
for x ^ Xi, see Remark 14.21 

That the freeness of H*(X; Q) implies the exact sequence (0) (with rational coef- 
ficients) was pointed out by Bredon [B] , based on an analogous result in equivariant 
-ftf-theory due to Atiyah [XJ Lecture 7]. We therefore refer to sequence © as the 
"Atiyah-Bredon sequence" . 

Atiyah's proof relies on the theory of Cohen-Macaulay modules. In |FP| the 
same method is used to give a version for other coefficients, which also allows for 
non-connected isotropy groups under appropriate assumptions (see the discussion 
preceding Example 15.41 below). In the present paper, we instead apply fairly stan- 
dard homological algebra which makes essential use of the grading and gives a more 
complete picture in the case of connected isotropy groups and integer coefficients. 
This approach was inspired by Barthcl-Brasselet-Fieseler-Kaup, who prove a re- 
sult analogous to the rational version of Theorcm ll.ll in the context of (intersection) 
cohomology for fans |BBFKI Theorem 4.3]. 

For H%,(X;Q) a free H*(BT; (Q)-module, the exactness of the Atiyah-Bredon 
sequence at H^(X;Q) is an immediate consequence of the Localisation Theorem, 
and the exactness at H^(Xo; Q) follows directly from the so-called Chang-Skjelbred 
lemma |CSI Lemma 2.3 & Proposition 2.4]. Goresky-Kottwitz-MacPherson GKM 
and others made very effective use of the Chang-Skjelbred result in calculating the 
(equivariant) cohomology of certain T-spaces, sometimes even with coefficients in Z. 

Remark 1.2. The proof for Theorem ll . II given below simplifies if one takes rational 
(or real) coefficients instead of Z. In this case the assumption about the connected- 
ness of the isotropy groups can be dropped completely. The reason is that for any 
isotropy group T x one has that H*(BT X ;Q) is naturally isomorphic to H*(BT°; Q) 
where T® C T x denotes the identity component. 

Remark 1.3. As with the Atiyah-Bredon method (cf. B ), our arguments can also 
be used to prove similar results for p-tori and coefficients in ¥ p . Again, the proof 
simplifies since we can take as extension of ¥ p any infinite field of characteristic p 
(e. g., the algebraic closure ¥ p ) instead of the less familiar extension of Z introduced 
in Section |3J We nevertheless concentrate on the (compact) torus case and integer 
coefficients since we get new results in this context. Variants for compact tori and 
coefficients in F p or in a subring of Q can be found in |FP| . 

Remark 1.4. The assumption that A is a finite T-CW complex could be weakened 
if one is willing to apply more technical machinery along the lines of [API Chapter 3] . 

Acknowledgements. The authors thank Walter Baur, Karl-Heinz Fieseler and Sue 
Tolman for helpful discussions, and the referees for their comments and suggestions. 

2. Some homological algebra 

In this section we collect a few more or less known results from homological algebra 
for later use. 
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We work over an arbitrary ground ring (commutative, with unit) fc. Unless stated 
otherwise, tensor products and direct sums are taken over k. We set A = k[t±, . . . , t r ] 
where each ij has degree 2, and we call elements in A 2 (= the fc-module generated 
by tt, t r ) linear. All complexes and (graded) modules are assumed to be 
bounded from below. 

The following standard fact is immediate from the long exact Tor sequence. 

Lemma 2.1. Let — » L — > M — > N — > be a short exact sequence of A-modules 
such that Torf(M,k) = for all j > i. Then Tovf +1 (N,k) = Torf(L,k) for 
all j > i. 

An important role in this section is played by the short exact sequence of A[t\- 
modules 

(2.1) -» k[t] k[t] -» fc -» 0. 

Lemma 2.2. Let M &e an A[f]-morfHfe (where t is an indeterminate of degree 2), 
considered as an A-module by restriction, A <—* A[i\. Then Tor^(Af, k) vanishes if 
one of the following conditions holds: 

(i) Torf [t] (Af,fc) = 0, 

(ii) Tor^'*'(Af, k) = Q and M is finitely generated over A. 

Proof. We first remark that Torf(M, k) = Tor^'*'(M, k[t}). This follows from the 
fact that any free resolution of k over A, tensored over k with k[t], gives a free 
resolution of k[t] over A[t]. 

The sequence (|2.1fl induces the exact sequence 

► Tor^ [ * ] (M, k) -► Torf [ * ] (Af, fc[*]) Torf [t] {M, k[t}) -> Torf [t] (M, k) -> • • • . 

If Torf *' (Af, fc) = 0, then the map is surjective. But it is also of positive degree, 
hence zero since all modules are bounded from below. Therefore, Tor : (M, k) — 
Toif lt] (M,k[t}) = 0. 

If Tor^ [ * ] (Af, k) = 0, then 9 is injective. But Torf [ * ] (Af, k[t]) = Torf(M, k) is a 
finitely generated A-module such that the A-action factors through the augmenta- 
tion A — > k. Hence Tor^(M, A;) is a finitely generated fc-module, which is necessarily 
bounded from above. Therefore, the map 8, which raises degrees, cannot be injective 
unless Torf(M, fc) vanishes. □ 

The equivalence of conditions (|m|l and l(Tv|l of Theorem 1 1.1 1 is purely algebraic in 
nature and moreover well-known if fc is a field. The conditions are then equivalent 
to M — Hj,(X) being free over A = H*(BT). This does not hold in general, 
cf. Remark |2~^I and Example 15.21 

Proposition 2.3. Let M be an A-module. Then Tor^(M, fc) vanishes if and only 
if Tor^(Af, fc) vanishes for all j > 0. 

Proof. We proceed by induction on the number r of indeterminates of A = k[t\ , . . . , t r ] . 
For r < 1 there is nothing to prove. 

So assume that we have shown the equivalence for all A-modules, and let M be 
an A[i]-module such that Torf'^(M, fc) = 0. Again, we take a portion of the long 
exact Tor sequence induced by the sequence (|2.1|) . 

► Tor^(Af, fc) -» Tor^ [ * ] (A/, fc) -> Torf (M, fc) -> Torf (M, fc) Torf [t] (M, fc) = 0. 

(Recall that Torf [t] (M, k[t]) = Torf (A/,fc).) As in the proof of Lemma [00, we 
see that Tor^(M, fc) vanishes, hence by assumption Tor^(Af, fc) for j > 0. This 
implies that Tor^'*'(Af, fc) vanishes as well for j > 0. □ 
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Remark 2.4. Since a free resolution of a fc-module N extends to a free resolution 
of the extended module N <S> A, one gets Tor^(A ® A,k) =0 for j > 0. (The 
converse does not hold as can be seen from Example 15. 21 ) 

More generally, consider the subalgebras A' = k [ti , . . . , ti] and A" — k [t i+1 , . . . , t r ] 
of A. Let M 1 be an A'-modulc. Since the Koszul resolution of k over A' has length i, 
Torf (M',k) vanishes for j > i. Tensoring a free resolution of the ^I'-module M' 
with A" gives a free resolution of M' ® A" over A = A' ® A" . By the Kiinneth 
theorem, this implies Tor^(M' ® A", k) = Torf'(M', k) ® A" = for j > i. 

Lemma 2.5. Let M be an A-module. IfTor±(M,k) vanishes, then the localisation 
map M — > S M is injective for the multiplicative subset S C A generated by the 
linear elements which can be extended to a basis of A 2 . 

Proof. Assume that the localisation map is not injective. Then there exist a non- 
zero m G M and a linear element t e S with tm = 0. Consider again the exact 
sequence (|2.1|) . Tensoring with M over k[t] gives a map M — > M which sends m' 
to fm'. This map is not injective because tm = 0. Hence Tor^ (M, k) ^ 0. Since 
we may extend t = t\ to a basis (ti, . . . , t„) of A 2 , we get by Lemma r2.2l (Hll 

Tori [ * l] (M,A:) ^ Tor* [ * 1,t2] (A//, jfe) ^ ^ •■• ^ Tor* 1 * 1 —'^^, jfe) ^ 0, 
which contradicts the assumption Tor^(M, k) = 0. □ 

3. A NEW GROUND RING 

In the course of our proof we want to choose a common complement for a finite set 
of direct summands of the same rank in k n . This is no problem if k is Q or R (or 
any other infinite field), but it is not possible in general for k = Z. Therefore, we 
extend the coefficients, a step which would be unnecessary in the case of an infinite 
field. 

Note that in Thcorcm ll.il we may replace Z by any Z-algebra k which is a flat 
and faithful Z- module, i.e., such that the functor — ®% k is exact and faithful. In 
other words, k is Z-torsion-free, and for all Z-modules N one has N ®% k = if and 
only if JV — 0. Indeed, for such a k we have by the Universal Coefficient Theorem: 

(1) H*{C ®tl k) = H*{C) ® z k for C, a complex, 

(2) Tor H * (BT;fc) (M ® z k,k) = Tor ff * (BT;Z) (M,Z) ® z k for M, an H*(BT;Z)- 
module. 

Hence all conditions of Theorem 1 1 . 1 1 hold over Z if and only if they hold over k. 

We will use this to pass from Z to the localisation of Z[si, . . . , s n ] with respect 
to all homogeneous elements which are Z-rerfwced, i.e., which are not divisible by 
any integer > 1. We will call this new (ungraded) algebra k. Since Z[si, . . . ,s n ] 
is factorial, no prime integer in k is invertible. This implies in particular that 
N ®z k ^ for N = Z/mZ, hence for all JV/0. Because k is Z-torsion-free as well, 
it is flat and faithful over Z. 

Let W n -i C k n be the submodule generated by 

101 = (Si, . . . , S n ), W 2 = (sj, S 2 n ), Wi= (s\, S n ). 

It has the following nice property: 

Lemma 3.1. Let V C Z" a direct summand and denote the induced direct summand 
ofk n by V. 

(1) J/dimV = i, then V © W l = k n . 

(2) If dim V > i, then V H W% contains an element which can be extended to a 
basis of W{ . 
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Proof. Choose a basis of V and consider the matrix U whose rows are these 
basis vectors. Then the greatest common divisor of all i x i-minors of U is 1. Let 
V be the n x n-matrix obtained by appending the row vectors w\, . . . , u; n _j to U . 
The determinant of U' is a Z-reduced element of Z[si, . . . , s n ], hence invertible in k. 
This proves the claim. 

We may assume dimF = i + 1. By part QJ, we have V © Wj+i = k n . 
Therefore, w n -i can be written as the sum of some v' E V and a linear combina- 
tion u> of wi, . . . , u)„_i_i. Hence t/ = — w E V (~l Wj can be extended to the 
basis ... ,w n -i-i f v') of Wi. □ 

From now on to the end of the proof of Theorem II. II in Section H*(-) denotes 
cohomology with coefficients in the new ground ring k. We set A = H*(BT) = 
k[ti, . . . ,t n ]. The k- module A 2 is identified with k n , using the basis (t±, . . . ,t n ). In 
particular, we consider each Wi as contained in A 2 . 

We will need the following refined version of the Localisation Theorem. 

Proposition 3.2. Let X be a T-space as above with connected isotropy groups. 
Then the map 

becomes an isomorphism after localisation with respect to the multiplicative subset Si 
generated by all linear elements in Wi which can be extended to a basis of A 2 = k n . 

Proof. For x E X let V x be the kernel of the map H 2 {BT) -> H 2 (BT X ), induced 
by the inclusion T x T. Since T x is assumed to be connected, V x is a direct 
summand of _ff 2 (i?T) with dim V x +dim T x = n. By a standard argument (induction 
over attaching equivariant cells to Xi in order to get X, cf. jtDl III. 3. 8] or |API 
3.1.6]), it suffices to show that S^H^T/T^ = for all x E X \ X t . Since 
diml/r > i for such x, Lemma I3.1l (|2|) gives us an s E Si D V x that annihilates 
H^(T/T X )=H*(BT X ). □ 

Remark 3.3. It can be seen directly from the proof of Proposition 13. 21 that, for a 
fixed i = 0, . . . , n, instead of demanding the connectedness of all isotropy groups 
it suffices that for x E X \ Xi the kernel of H 2 (BT) — ► H 2 (BT X ) contains a direct 
summand of dimension > i. This means that for all x £ X\Xi the isotropy group T x 
is contained in a subtorus of dimension n—(i + l), e. g., for i = all isotropy groups 
different from T should be contained in a proper subtorus. 

Let Ai C Abe the subalgebra generated by Wi C A 2 . Note that Ai is noetherian 
because k is. 

Lemma 3.4. Suppose that all isotropy groups of X are connected. Then the A- 
module H^,(X, considered as Ai-module via restriction, is finitely generated. 

Proof. Since Ai is noetherian, it suffices (using long exact cohomology sequences) 
to show that, for each x E X \ H^(T/T X ) = H*(BT X ) is finitely generated 

over Ai. But since T x is assumed to be connected, dim V x > i and V x + Wi = A 2 
for all x € X \ Xi-\. So H*(BT X ) is a quotient of Ai because the map Wi — > 
H 2 (BT) -> H 2 (BT X ) is surjective. □ 

Remark 3.5. Again, for a fixed i = 0, . . . , n, one can see directly from the proof 
of Lemma 13.41 that it holds under a weaker condition than the connectedness of the 
isotropy groups. One needs that V x +Wi = A 2 for all x E X \ Xi_%. This holds if 
T x is contained in a subtorus of dimension n — i for all x E X \ Xi—%. 
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Lemma 3.6. The following torsion products vanish: 

(1) Tor/(F£pQ, Xi-i), k) = for j > i. 

(2) Torf (H* (Xi, X^k) = 0forj>0. 

Proof. The quotient is a bouquet of spaces, each of them fixed by a 

subtorus of codimcnsion i. Let Y be such a space, fixed by T" C T, and let 
T be a torus complement to T" in T. Since H*(BT) = H*(BT') <g) H*(BT") 
and i?^(r,pt) = i?J,(Y, pt) <g) H*(BT"), we are in the situation of Remark El 
with A' = H*(BT'), A" = H*(BT"), M' = iJ£,(Y,pt) and M' ® A" = ff£(Y,pt). 
Hence, Tor/(#,f(Y, pt), k) = for j > i. Because H^X^X^i) is a direct sum of 
terms of the form H^,(Y, pt), this implies JTJ. 

In order to prove (J3J), it suffices to show that each H^{Y, pt) = M' (g> A" is an 
extended ^-module, again by Remark E3 One has H 2 (BT) = H 2 (BT') © Wt by 
Lemma f3 . L I ffTfl . hence A = A' <E> A{. Therefore, any ^I'-equivariant map from M' to 
some ^4-module N uniquely extends to an A-equivariant map M' ® Ai — + N . This 
applies in particular to the canonical inclusion M' — > M' ® A" . Since we also have 
A = A' <Z) A", we can reverse the roles of Ai and A" to get a map in the other 
direction. By uniqueness, the compositions must be the identities on M' <E> Ai and 
M' ® A" , respectively. Hence, both ^-modules are isomorphic. □ 



4. Proof of Theorem 11.11 

The equivalence ijmjl (|rv)) is a special case of Proposition 12. 31 We will show the 
implications (j} => JuJ => l)m)l => fjj, © => (lull) and, assuming that all isotropy 
groups are connected, Jrv} => |v$. The steps of the first chain of implications are 
either standard or quite easy. It is only in the most involved part of the proof, 
Ipvjl => fvjl. that we need the extension of the coefficients from Z to k. Recall that 
A = H*(BT) (with coefficients in k). 

CJ =** © : The surjectivity of i* implies that all boundaries starting at E®'* must 
vanish. Since E^ q — A v ® H q (X), the A-linearity of the boundary maps gives 
dp* = for all r > 2, i. c., E 2 = E QQ . 

(Jul) (|mj) : The abutment E^, of the Serre spectral sequence can be considered as 
the (bi)graded ^4-module associated to a filtration of H^{X) by A-submodules T q 
such that E£? = T q /T q ^ u cf. [Q| bott om of p. 554]. Since X is assumed to be a 
finite T-CW complex, this filtration is finite. For Eao = E 2 = A® H*(X) we have 
Tor^(£^ 9 , k) — for j > and any q (see Remark |2.4|) . Hence, via the long exact 
Tor sequences coming from the short exact sequences — ► T q -\ —* J- q — » — > 
one gets by induction that Tovf(H^(X), k) = for j > 0. 

(|m)l => {jj: This follows immediately from the Eilenberg-Moore spectral sequence 
Tor,,, (Hj,(X), k) => H*(X). A version of the Eilenberg-Moore theorem suitable for 
our purpose can be found in |OMI Corollary 3.5]. 

Before entering the central part of our proof, we reformulate condition (0) . 

Lemma 4.1. The Atiyah-Bredon sequence is exact if and only if for all < i < n 
the long exact sequence (|l.lfl splits into short exact sequences 

(4.1) — » Hl(X,Xi-i) ^ HftXuXi-i) H* +1 (X,Xi) — » 0. 
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Proof. The idea is to combine the Atiyah-Bredon sequence as follows with the short 
sequences <|4.1ll to a commutative diagram: 

oo oo 




o oo 



Assume that the Atiyah-Bredon sequence is exact. Using that the diagonal se- 
quences come from the long exact sequence (| 1 - 1 1) . one shows inductively that they 
are in fact short exact. The reverse direction is done by diagram chase. □ 

(jv| =>■ (Jul}: By downward induction on i, we prove the statement 

(4.2) Torf(H^(X, fc) = for all j > i. 

For i = n+1 there is nothing to prove. The induction step follows from Lemma ETSl ljT)) 
and the long exact Tor sequence applied to the short exact sequence (|4.1|l . Since 
A_i = 0, the case i = is condition (jiu|l . 

(Irv|l => (0): Here we assume all isotropy groups to be connected. We will show that 
for < i < n the condition 

(4.3) Tor^*(F|,(X,X i _ 1 ),fe) = 

(which is satisfied for i = by hypothesis) implies that the sequence l|4.1|) is exact 
and that (|4.3|) holds for i + 1 instead of i. This would prove the claim by induction. 

Suppose that l|4.3[) is true. By Lemma the localisation map H^(X, A^_i) — > 
S^ 1 H^(X, Xi-i) is injective. Moreover, Proposition 13 . 21 implies that the localised 
map S^oti is an isomorphism. Hence 014 is injective, and 14. 1|) is exact. 

Applying Tor^(— , k) to (|4.1() gives the exact sequence 

Tor^(#£pQ, AVx),fc) — > Tbr^CHJpr.XO.fc) — * Torf ' (H}{X, AVx), k). 

The first term vanishes by Lemma fc.Gl lffi and the third one by hypothesis. There- 
fore, Tor^' (Hj,(X, Xi),k) vanishes as well, as does Torf i+1 (H^(X, X t ), k) by Lem- 
mas |IO] and |^](|nj since Ai + \ = Ai[t] for some t G A 2 . This finishes the proof of 
Theorem 01 

Remark 4.2. Using Remarks 13.31 and 13.51 we get a partial result by the same 
reasoning as above if instead of demanding the connectedness of all isotropy groups, 
we make the following weaker assumptions for some io < n: 

(1) T x is connected for all x 6 Xi 0+ i, 

(2) T x is contained in a subtorus of dimension n — (io + 1) for x Xi +\. 

Condition Jivjl then implies that the sequences (|4.1(l are exact for i — 0, . . . , iq. 
This means that we get an exact sequence 

— » H*(X) — » H*(X ) — » H^ +1 {X X ,X ) — » > ^T +i °(^io. ^io-i)- 

5. Examples 

Here we use integer coefficients again. As in Remark l2.4l we call an H * (ST)-module 
extended if it is isomorphic to H*(BT) ®% N for some Z- module N. 
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5.1. Hamiltonian T-manifolds. 

Theorem 5.1. Let X be a compact Hamiltonian T -manifold with connected isotropy 
groups. Then H^(X) is an extended H* (BT) -module. 

More precisely, if F%, F s are the (finitely many) components of X T , then 
there are even natural numbers Ai, . . . , X s such that 

h t{X) = (§)H*{BT)®H*- Xk {F k ). 

k 

The real version of this result (which does not need the connectivity assumption, 
cf. Remark U"^ goes back to Frankel pp, but see also Atiyah-Bott |AB| . Kirwan [K] 
and (for the method of proof used below) Tolman-Weitsman ITW2I . Note that our 
result also works if the cohomology of the fixed point components has torsion. 

Proof. Let /i: X — » t* be a moment map for the T-action on X. For generic £ G t 
the function f:xi—> {fi(x),t;} is an equivariant Morse-Bott function on X whose 
critical set is exactly X T . We may assume that the critical values c k = f{Fk) 
are distinct. We will prove by induction on k that H^(X^) is a finitely generated 
extended H* (BT)-module, where X^ — / _1 ((— 00, c k + e]) with e so small that the 
interval [c k — e, c k + e] contains no critical value other than c k . 

In addition to X + = Xt introduce X~ = / _1 ((— 00, c k — e]), the negative disc 
bundle D and the negative sphere bundle S to F — F k . Since the pair (X + ,X~) 
can be retracted to (D, S), we have 

Ht(X + ,X-) = H£(D,S) = H^T X (F) 

by the Thorn isomorphism, where A is the (even) Morse index of F. The composition 

H^T X {F) = H^(X+,X-) -> H^{X+) H^(F) 

is multiplication by the equivariant Euler class en of the bundle D —> F. The latter 
becomes, after restriction to any point x € F, the product of the non-zero weights 
of the representation of T on the tangent space to D at 1. In particular, eo is not 
divisible by any prime integer, so that multiplication by e_o is injective and does 
not change divisibility by prime integers. 

By injectivity, the long exact sequence for the pair (X + ,X~) splits into short 
exact sequences 

— > H^(X+, X~) — ► H^(X+) — ► H^(X-) — ► 0. 

We claim that this sequence is split. This will imply our claim that H^(X + ) is a 
finitely generated extended fP(i3T)-module. 

By induction, H^(X^) is extended, say of the form H*(BT) ® N, where N is 
the direct sum of some H*(Fi), with degree shifts. In particular, N is a finitely 
generated Z-module. A section of H * (BT)-modules to H^{X+) -> H^(X-) is 
the same as a section of Z-modules N — > H^{X + ). The latter exists if and only 
if every element of N has a preimage with the same annihilator. Take a torsion 
element 7 G N, whose annihilator is generated by some m G Z. Let j3 G H?p(X + ) 
be a preimage of 7. Then m/3 is in the image of some a G H^(X + , X~). Since m(3 
is divisible by m, so is e^a, hence also a. We finally subtract the image of a/m 
from (3 to get the preimage of 7 we were looking for. □ 

Together with Theorem ll.il this Theorem gives the injectivity result of Tolman- 
Weitsman |TWi| Proposition 7.2] and Schmid's version of the Chang-Skjelbred 
lemma S , Theoreme 3.2.1] in the case of connected isotropy groups. For a discussion 
of non-connected isotropy groups see |FPj : cf. also ITW2I Section 4]. 
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5.2. Other examples and counterexamples. We saw in Remark 12.41 that a 
T-space satisfies condition (|m)l of Theorem 11.11 if its equivariant cohomology is 
extended. The converse does not hold in general. 

Example 5.2. Here we take T — S 1 . Let X = S 2 CRP 2 x S 1 , where CMP 2 
is the cone over MP 2 and <j>: MP 2 xS 1 ^ MP 2 -> RP^RP 1 = S 2 . The ^-action 
is trivial on S 2 and free on CRP 2 x S 1 (acting on the second component), so all 
isotropy groups are connected. It is easy to calculate the (equivariant) cohomology 
of X using the Mayer— Vietoris sequence. One obtains: 

( Z i = 0, 2, 
H\X) = I Z/2Z i = 4, 

I otherwise, 

H£(X) ^ Z[t] © ker(Z[t] -> Z/2Z)[+2], 

where the map Z[t] — > Z/2Z is the composition of the augmentation with the 
projection Z — > Z/2Z and "[+2]" denotes a degree shift by +2. 

The equivalent conditions 0) to (jv) are satisfied in this example, but H^(X) is 
not extended, in particular, l* : H^(X) — > H*(X) does not have a section. 

In order to get exactness of the Atiyah-Bredon sequence, we assumed that all 
isotropy groups are connected. This requirement cannot be dropped in general. 

Example 5.3. Let X = RP 2 , considered as the quotient of the disk D 2 by identi- 
fying opposite points on the boundary S . The standard rotation of T = S 1 on D 2 
descends to RP 2 . Note that the points on RP 1 = 5 1 /{±1} have Z2 as isotropy 
group. 

The open sets RP 2 \ RP 1 and RP 2 \ cover RP 2 . The Mayer- Vietoris sequence 
for the equivariant cohomology of RP 2 splits into short exact sequences, which gives 

ff T (RP 2 ) = Z[t] © Z/2Z[t][+2] = iT (RP 2 ) <8> H*{BT) 

Hence, H^(WP 2 ) is an extended H* (BT)-modvde, but the map H£(X) -> H^(X T ) 
cannot be injective because H^(X T ) — Hj.(pt) is free over Z. 

By taking products of RP 2 with itself, one obtains analogous examples for higher- 
dimensional T. 

The situation is different if one assumes H^(X) to be free over H*(BT). The 
main result of |FP| is that in this case one can allow isotropy groups with at most one 
(finite) cyclic factor and still get the exact Atiyah-Bredon sequence. An example 
due to Tolman-Weitsman ITW2I Section 4] , S 2 x S 2 with double speed rotation on 
each factor, shows that isotropy groups with two cyclic factors are not allowed. 

It is not difficult to show that if Torf * {BT) {H* (X), Z) = and H*(X) is free 
over Z, then the map H^(X) — > H^(X T ) is always injective, no matter what 
isotropy groups occur. But these assumptions do not guarantee exactness of the 
Atiyah-Bredon sequence at H^,{X T ) in the presence of non-connected isotropy 
groups. 

Example 5.4. Starting with the 5' 1 -space X from Example 15.21 we consider the 
space Y = X x S 2 with the componentwise action of T = S 1 x S 1 , where S 1 acts 
on S 2 with double speed rotation. Then H^(Y) = H s i(X) ® H S i{S 2 ) is not free 
over H*(BT). But since Hgi(X) and Hgi(S 2 ) are both free over Z, it is easy to 
check that H^(Y) — ► Hj.(Yq) is injective. Because H^(Y,Yq) contains an element 
of order 4, while H^(Yi,Yq) does not, Hj,(Y,Y ) — > H^(Yi,Y a ) cannot be injective. 
In other words, the sequence H£{Y) -» H^(Y ) H^ +1 (Y U Y ) is not exact. 

Clearly, for T = S 1 the Atiyah-Bredon sequence is exact if and only if the re- 
striction map H?p{X) — > H^(X n ) is injective. Our last example shows that this 
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equivalence is false for higher-dimensional T, even if all isotropy groups are con- 
nected. 

Example 5.5 (C. Allday). Let X = XT be the suspension of T with the stan- 
dard level-wise action. Again the Mayer- Vietoris sequence gives the equivariant 
cohomology: 

H*(X) ^ H*(T)[+1], 

H* T (X) = ker(z[ti, . . . ,t n ] 8 Z[ti, ...,tj^z), 

where e: Z[ti, . . . , t n ] — > Z denotes the augmentation. Note that only for n = 1 
we have that H^(X) is free over H*(BT). The map iT^pf) H^(X ) clearly is 
injective, but for n > 1 the Atiyah-Bredon sequence is exact only at H^{X). 
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